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Paths through Sp
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social network Rubik’s cube
6 degrees of separation diameter = 20



6 Degrees of Separation (Small World)

Waterloo
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Erdos Number

Erdos wrote papers with these 3 / ‘ \
(and 508 others) | -

N\

Dieter Kratsch

I have Erdos number 2 ) |
(along with 9266 other people)
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http://www.lita.sciences.univ-metz.fr/~kratsch/
http://www.lita.sciences.univ-metz.fr/~kratsch/
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Motion Planning
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Shortest Paths

neighbor of v closest
to the target

target

, ,_ Greedy routing path
local envirgnment |/

'—..

linear programming

. K .
simplex method network routing
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Shortest Path Algorithms

*1n a graph

°*In a geometric space

types of questions

e g1ven start point, end point, find shortest path

=P . “single source”: given start point, find shortest paths to all
end points

e “all pairs”: find shortest path for all start points, all end
points

Also “query” versions.
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Shortest Paths 1n Graphs
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Shortest Paths 1n Graphs
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Finding Shortest Paths in Graphs
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Can we store all the answers?
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(-] c ® g !

Distances 8 . e, |8 : g i e

RN AR AR AR A B A AR R 1k

2| a3 g o 2 | 2 | = § colce| ¢ | - g |

Banff 1235 | 128 | 1004 | 423 295 qa2 474 | 496 | 1282 | 661 1285 | 282 | 1059 | 847 885 Q67
Bella Coola 1235 1263 | 238" | 1380 | 999 792 a0z | 1197 0 694 0 Q53 512 =] o 504 | 1116
cm 128 | 1363 1132 | 295 413 620 602 629 | 1370 | 780 | 1513 | 410 | 1187 | 975 | 1013 | 1095
W River 1004 | 238 | 1132 1312 | 951 512 552 819 | 238 90 233 T2 274 172 266 253
Edmonton 423 | 1360 | 295 | 1312 361 s00 297 910 | 1471 | 737 | 1961 | 706 | 1367 | 11565 | 1193 | 1275
Jasper 285 =l= =) 413 951 361 49 602 701 1110 | 376 | 1100 | 456 | 1006 | 794 | 832 914
Kamloops 492 743 620 512 200 49 163 454 | 780 525 | 12949 | 210 567 355 393 475
Kelowna 474 | 903 602 5562 897 602 163 333 790 685 | 1909 | 192 607 395 433 515
Helson 4056 | 1197 | 629 | 814 919 701 454 | 33 1052 | 979 | 1703 | 295 =i =) 657 695 777
Podllolw 1292 0 1370 | 238 | 1491 | 1110 | 780 790 | 10562 734 ) 980 512 410 504 | 491
Prince Me G661 594 788 o990 737 376 525 a5 Q79 7249 729 735 995 778 821 233
"“ORIM 1385 0 1513 | 238 | 1951 | 1100 | 1290 | 1909 | 1703 0 729 1459 | 612 | 1802 | 604 | 1622
Revelstoke 282 Q583 410 22 705 a55 210 192 295 Q0 735 14969 777 565 860G 685
Tofino 1059 | 512 | 1187 | 274 | 1367 | 1006 | 567 607 sm 512 Q95 512 777 227 321 308
Vancouver sq Qa5 Q75 172 | 1165 | 7994 | 386 385 657 410 778 | 1802 | 566 227 69 123
Victoria 885 | 504 | 1013 | 265 1193 | 832 393 433 695 504 821 504 603 321 69 192

Whistler 9687 | 1116 | 1085 | 253 | 1275 | 919 | 475 515 777 401 848 | 1622 | 685 308 123 192
17 x 17 =289 nxn=n?




Quadratic Growth
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How to Find Shortest Paths

Try all paths and see which is shortest?

How many shortest paths are there?
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How to Find Shortest Paths

Try all paths and see which is shortest?

How many shortest paths are there?

graph with 2n+2 vertices

<JKI><T>< W

choies 2 < 2 =

2" paths
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Exponential Growth
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polynomial O(n?)




Shortest Paths - String Computer

single source
shortest paths
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Diyjkstra’s Algorithm, 1959

The first challenge for computing
science 1s to discover how to maintain
order 1n a finite, but very large, discrete
universe that 1s intricately intertwined.

Edsger W. Dijkstra

The question of whether Machines Can Think 1s about as
relevant as the question of whether Submarines Can Swim.

Thursday, 16 July, 15


http://en.wikiquote.org/wiki/Relevant
http://en.wikiquote.org/wiki/Relevant
http://en.wikipedia.org/wiki/Edsger_W._Dijkstra
http://en.wikipedia.org/wiki/Edsger_W._Dijkstra

Diyjkstra’s Algorithm

Toronto Syracuse

Pittsburgh

Find the shortest path from Toronto to Philadelphia.
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Diyjkstra’s Algorithm

220

Toronto

204
Pittsburgh
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Syracuse




Diyjkstra’s Algorithm

220

Toronto

204
Pittsburgh
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Diyjkstra’s Algorithm

220

Toronto

204
Pittsburgh
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Diyjkstra’s Algorithm

Toronto

204
Pittsburgh
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Diyjkstra’s Algorithm

Toronto

204
Pittsburgh
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Diyjkstra’s Algorithm

Toronto

204
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Diyjkstra’s Algorithm

Toronto

204
Pittsburgh
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Diyjkstra’s Algorithm

Toronto

322 204

Pittsburgh
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Syracuse




Diyjkstra’s Algorithm

Toronto

322 204

Pittsburgh
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/2

Syracuse

406



Diyjkstra’s Algorithm

/2

Syracuse 406

Toronto

322 204 393 114

Pittsburgh

507
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Diyjkstra’s Algorithm

/2

Toronto Syracuse 406

322 204 393 114

Pittsburgh

507
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Diyjkstra’s Algorithm

running ttme O(m + n log n) using Fibonacci heaps

(Fredmand and Tarjan, 1987)

m = number of edges
n = number of vertices
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Paths through Space
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Paths through Space
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Paths through Space

Greyhound Canada (=)

23-27{Richmond Ave (&)

Mosaic Counselling ()
and Family Services
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Shortest Paths 1in 2D

Polygon Polygonal Domain
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Shortest Paths 1in 2D

Thursday, 16 July, 15

Polygon

O(n)

1

5 o

€

Polygonal Domain

O(nlog n)



Shortest Paths in a Polygon

Funnel Algorithm, O(n)

Idea:
L - triangulate the polygon

- find path 1n triangulation

e narrow 1t down
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Shortest Paths in a Polygon

Funnel Algorithm, O(n)

Idea:
- triangulate the polygon

- find path 1n triangulation

e narrow 1t down

<t
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Shortest Paths in the Plane with Obstacles
S e

G




Shortest Paths 1in the Plane with Obstacles

two locally shortest (“geodesic”) paths
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Shortest Paths 1n the Plane with Obstacles
Using Dykstra’s graph algorithm.

S

T

Too many edges!

2
Make a graph out of visible corners. O0m)

Apply Dijkstra’s graph algorithm.
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Shortest Paths in the Plane

Continuous Dijkstra

e
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Shortest Paths in the Plane

Continuous Dijkstra
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Shortest Paths in the Plane

Continuous Dijkstra
/
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Shortest Paths in the Plane

Continuous Dijkstra
/
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Shortest Paths in the Plane

Continuous Dijkstra
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Shortest Paths in the Plane

Continuous Dijkstra




Shortest Paths in the Plane

Continuous Dijkstra

/
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Shortest Paths in the Plane

Continuous Dijkstra
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Shortest Paths in the Plane

Continuous Dijkstra
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Shortest Paths in the Plane
Continuous Dijkstra ~ O(nlog n) Mitchell, Hershberger & Suri, ‘93
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Moving Away from Flatland
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Shortest Paths in 3D — Polyhedral Surfaces

Paul Bourke

Rineau and Yvinec
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Shortest Paths in 3D — Polyhedral Surfaces

why does this generalize 2D with obstacles?

5 o

P
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Shortest Paths in 3D — Polyhedral Surfaces

why does this generalize 2D with obstacles?
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The spider and the fly problem

Dudeney, The Canterbury Puzzles, 1958

12 f¢.
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The spider and the fly problem

i = —t
L | Eem locally shortest
| ] paths are
I - straight lines 1n
| = unfoldings
3 B P -"".-l;- | ‘il | P -
r s " FLOOR o{” FLoOR
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The spider and the fly problem
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Shortest Paths on Polyhedon

the spider and the fly problem

(2 f¢.
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Shortest Paths on Polyhedon

running times of algorithms

Shortest paths on a convex polyhedron /\ [\
O(n log n) Schreiber and Sharir 08

Shortest paths on a general polyhedron/polyhedral terrain
O(n?) Chen and Han '96

Thursday, 16 July, 15



Shortest Paths on Polyhedral Surfaces

Fast Exact and Approximate Geodesics on Meshes
SIGRAPH 2005
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Shortest Paths on Convex Polyhedron

________________________________________

O’Rourke

Shortest paths from point x to all points on the surface.
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An aside: Folding and Unfolding

g folding

unfolding -

&
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Unfolding Polyhedra—Durer 1400’
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Durer, 1498

it et fRonnz febvpfee frgean,

snub cube

Thursday, 16 July, 15



Open Question

Can every convex polyhedron be unfolded into one piece
without overlap by cutting edges?

good examples e T

@0@

Tetrahedron Octahedron Cube

O &

Ilcosahedron Dodecahedron

i overlap

but there 1s a better way to cut this polyhedron

bad example
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Open Question

Can every convex polyhedron be unfolded into one piece

without overlap by cutting edges?
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Shortest Paths so far

polynomial time algorithms for shortest paths in
® graph
e polygon
¢ plane with polygonal obstacles

¢ polyhedron

Thursday, 16 July, 15



Hard and Easy Problems

problems with
polynomial-time
algorithms NP

4 )

? N

P-complete
problems

Thur

vvvvv

problems that require
exponential-time
algorithms

()
Clay Math Institute offers $1M prize to solve P = NP

sday, 16 July, 15


http://en.wikipedia.org/wiki/Clay_Mathematics_Institute
http://en.wikipedia.org/wiki/Clay_Mathematics_Institute

NP-complete

MY HOBBY:
EMBEDDING NP-OMPLETE PROBLEMS IN RESTAURANT ORDERS

Thursday, 16 July, 15

CHOTCHK\;S RESTAURANT § ;‘

WED LIKE EXACTLY §15. 05
WORTH OF APPETIZERS, PLEASE..

l . EXACTLY?  UHH....

HERE, THESE PAPERS ON THE KNAPSACK
PROBLEM MIGHT HELP YOU OUT.

LISTEN, I HAVE Six OTHER
TABLES TO GET TO —

= AG FAST AS POSSIBLE, (F (OURSE. WANT
mNGONTRNELII\GS‘ilESM?/

288




Harder Shortest Path Problems
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Snell’s law

1y 8infy = no sin s,

e Ibn Sahl, (Baghdad), On Burning Mirrors and Lenses, 984
e Willebrord Snellius, 1621
e René Descartes, 1637

Thursday, 16 July, 15
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Harder Shortest Path Problems

START‘ Trees

The Weighted Region Problem -- Mitchell and Papadimitriou *91
OPEN: 1s this problem in P? NP-complete?

Thursday, 16 July, 15



Shortest Anisotropic Paths

WIND WIND
PORTTACK &
- e *
Head To Wind =1
Starboard Tack (In Irons) Port Tack
= -
o 90 DEGREES
~
Close Close ~ J
Hauled Hauled N
~
~ b STA?BCOARD
ACK
Close u Close RS
Reaching DEAD Reaching N 1
AREA
o o o
o — ) &
Beam ; gt Beam -
Reaching g = Reaching Q@Q’% 2
c Q s) -
) \ '/ T ao \’, ~
& o) -
] Y
Py, 2 PORT j
Broad Broad TACK -
Reaching Reaching
P COMING ABOUT
-~
REACHING REACHING P *

Running

OPEN: 1s this problem in P? NP-complete?
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Approximation Algorithm (Steiner Point Approach)

for weighted region and some special cases of anisotropic

add many “Steiner” points and model as shortest path 1n a graph

Thursday, 16 July, 15



Shortest Descending Paths on Terrains
joint work with Mustag Ahmed

Thursday, 16 July, 15



Shortest Descending Paths on Terrains
joint work with Mustag Ahmed
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Shortest Descending Paths on Terrains
joint work with Mustag Ahmed

OPEN: 1s this problem in P? NP-complete?

Thursday, 16 July, 15



Shortest Gently Descending Paths on Terrains
joint work with Mustag Ahmed

Find a shortest path that
descends, but not too
steeply.

steep = lies 1n this cone

OPEN: 1s this problem in P? NP-complete?

Thursday, 16 July, 15



Approximation Algorithm (Steiner Point Approach)

add many “Steiner” points and model as shortest path in a graph

Thursday, 16 July, 15



Hard and Easy Problems

problems with
polynomial-time
algorithms NP

4 )

? N

P-complete
problems

Thur

vvvvv

problems that require
exponential-time
algorithms

()
Clay Math Institute offers $1M prize to solve P = NP

sday, 16 July, 15


http://en.wikipedia.org/wiki/Clay_Mathematics_Institute
http://en.wikipedia.org/wiki/Clay_Mathematics_Institute

Shortest Paths 1n 3D Space
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Shortest Paths in 3D Space

This problem is NP-hard.
Canny & Reif, 1987
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Approximation Algorithm (Steiner Point Approach)

Papadimitriou ’85

Add many Steiner points and model as shortest path 1n a graph.

Thursday, 16 July, 15



New Results on Shortest Paths

center of a polygon

find a point to minimize the
maximum distance to any point

O(n) time algorithm, June 2015
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Research Topics

e practical shortest path methods for large graphs/maps
e shortest paths as graphs change (“dynamic” graphs)

e center and diameter

Thursday, 16 July, 15



More Information

shortest paths course https://cs.uwaterloo.ca/~alubiw/CS860.html

Geometric Shortest Paths and Network Optimization,
survey by Joseph Mitchell

book on folding chapter on shortest paths:
HOW TO
FOLD IT
e i h Algorithms and
A\ |2 Data Structures
L\ T The Basic Toolbox
JJJJJJJJ ROURKE .,I'g‘f—

Thursday, 16 July, 15


http://www.amazon.com/How-Fold-It-Mathematics-Polyhedra/dp/0521767350/ref=tmm_hrd_title_0?ie=UTF8&qid=1437071054&sr=8-2
http://www.amazon.com/How-Fold-It-Mathematics-Polyhedra/dp/0521767350/ref=tmm_hrd_title_0?ie=UTF8&qid=1437071054&sr=8-2
http://www.google.ca/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CCIQFjAAahUKEwjZwtjmo-DGAhVBFj4KHXntC5c&url=http%3A%2F%2Fwww.ams.sunysb.edu%2F~jsbm%2Fpapers%2Fsurvey.ps.gz&ei=zPenVdmsBsGs-AH52q-4CQ&usg=AFQjCNHCL8ulWSMfuc8HxEozXUl017OCsA&sig2=QJzCJNlx2W4nyzbvSw6vEA&bvm=bv.97949915,d.cWw
http://www.google.ca/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CCIQFjAAahUKEwjZwtjmo-DGAhVBFj4KHXntC5c&url=http%3A%2F%2Fwww.ams.sunysb.edu%2F~jsbm%2Fpapers%2Fsurvey.ps.gz&ei=zPenVdmsBsGs-AH52q-4CQ&usg=AFQjCNHCL8ulWSMfuc8HxEozXUl017OCsA&sig2=QJzCJNlx2W4nyzbvSw6vEA&bvm=bv.97949915,d.cWw
http://www.amazon.com/Algorithms-Data-Structures-Basic-Toolbox/dp/3642096824/ref=sr_1_1?ie=UTF8&qid=1437071904&sr=8-1&keywords=algorithms+and+data+structures+the+basic+toolbox
http://www.amazon.com/Algorithms-Data-Structures-Basic-Toolbox/dp/3642096824/ref=sr_1_1?ie=UTF8&qid=1437071904&sr=8-1&keywords=algorithms+and+data+structures+the+basic+toolbox

I offer a free copy of “How to Fold It” to the first person who
solves this folding puzzle (which has nothing to do with shortest
paths)

Cut out this shape (with 9 unit squares) and fold it into a cube
only folding on the dashed lines.
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THE END



